The paper gives necessary and sufficient conditions for the uniqueness of solutions of the Dirichlet and Neumann problems for ultrahyperbolic partial differential equations in cylindrical domains.
Introduction.
In in a domain Q = XXY, where X is a hyper-parallelepiped defined by 0<Xi<a,, 1 ¿i^m, and F is a bounded domain in the ra-dimensional space yi, ■ ■ ■ , yn-The procedure we shall use here is an extension of that employed in [2] , [3], [4] , and [5] for the normal hyperbolic equations. Since our treatment remains valid for w^l, our results here, therefore, contain also those obtained in [2] , [3] , and [4] . Throughout this paper, we assume that the coefficients a¡k and c depend only on the variables yi, • • • , yn, and are continuous functions of these variables with c 2: 0 in F. Moreover, we assume that the coefficient matrix (a,-*) is symmetric and positive definite, and that ajk, together with the boundary d Y of F, are sufficiently smooth in order to ensure the existence of complete sets of eigenfunctions for the eigenvalue problems that we will need below. Let Vp be an eigenfunction of (4) corresponding to Xp. Then the function
is a nontrivial solution of the problem (3), as is readily verified. Conversely, suppose that condition (5) holds. By the divergence theorem, we have Since Lu = 0, this implies that u is independent of xm. But w = 0 on s™ = am, hence u = 0 in Q.
Our proof of Theorem 1 shows that, whenever condition (5) Proof. If there exist integers pi, ■ ■ ■ , pm, and a nonzero eigenvalue \p of (15), for which (16) does not hold, then a nonconstant and hence a nontrivial solution of (14) with v = 0 in case c>0. Notice that when c = 0, v0= 1 is an eigenfunction of (15) corresponding to the eigenvalue Xo = 0. Now, since the set of eigenfunctions { IlHâ1 cos (^¿7r/a,)x,} is complete in X', equation (19) in turn implies that u(x', am, y) = const., which is zero if c>0.
Let us consider the case c>0. By integrating the identity (12) over Q and using the fact u = 0 onxm = am, we again arrive at equation (13) from which the conclusion that u = 0 in Q follows.
In case c = 0, the above argument yields the result u = const, in Q.
4. Mixed boundary value problems. The method we have used to establish Theorems 1 and 2 above can also be employed to obtain uniqueness results for equation (1) Specifically, we have the following uniqueness theorems corresponding to each of these boundary conditions.
